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Integral formulas for a Riemannian manifold with several
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Abstract
In the paper we prove integral formulae for a Riemannian manifold endowed with k > 2
orthogonal complementary distributions, which generalize well-known formula for k = 2, and
give applications to splitting and isometric immersions of Riemannian manifolds, in particular,
multiply warped products, and to hypersurfaces with k distinct principal curvatures.
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Introduction
Distributions on a manifold (i.e., subbundles of the tangent bundle) are used to build up notions
of integrability, and specifically of a foliated manifold. Distributions and foliations on Riemannian
manifolds appear in various situations, e.g., [3, 9, 13], among them warped products are fruitful
generalizations of the direct product playing important role in differential geometry as well as in
mathematical physics.
Integral formulae are useful for many problems in the theory of foliations, e.g. [2, 13, 17]: a) the
existence and characterizing of foliations, whose leaves have a given geometric property, such as
being totally geodesic, totally umbilical or minimal; b) prescribing the higher mean curvatures of
the leaves of a foliation; c) minimizing functions like volume and energy defined for tensor fields.
The first known integral formula for a closed Riemannian manifold endowed with a codimension
one foliation tells us that the integral mean curvature of the leaves vanishes, see [12]. The second
formula in the series of total σk’s – elementary symmetric functions of principal curvatures of the
leaves – says that for a codimension one foliation with a unit normal N to the leaves the total σ2
is a half of the total Ricci curvature in the N -direction, e.g., [2]:∫
M
(2σ2 − RicN,N ) d vol = 0, (1)
which is a consequence of Stokes theorem applied to ∇N N + σ1N . One can see directly that (1)
implies nonexistence of totally umbilical foliations on a closed manifold of negative curvature: if
the integrand is strictly positive, so is the value of the integral. The following integral formula for
a closed Riemannian manifold (M,g) endowed with two complementary orthogonal distributions
D1 and D2, see [17] (and [11] for foliations), generalizes (1) and has many interesting global
corollaries (e.g., decomposition criteria using the sign of the mixed scalar curvature, [14]):∫
M
(
K(D1,D2) + ‖h1‖
2 + ‖h2‖
2 − ‖H1‖
2 − ‖H2‖
2 − ‖T1‖
2 − ‖T2‖
2
)
d volg = 0. (2)
Here K(D1,D2) is the mixed scalar curvature of (M,g;D1,D2), and hi,Hi = Trg hi and Ti are
the second fundamental form, the mean curvature vector field and the integrability tensor of Di.
The formula (2) was obtained by calculation of the divergence of the vector field H1 +H2,
div(H1 +H2) = K(D1,D2) + ‖h1‖
2 + ‖h2‖
2 − ‖H1‖
2 − ‖H2‖
2 − ‖T1‖
2 − ‖T2‖
2, (3)
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and then applying Stokes theorem.
Recently, the notion of warped products was naturally extended to multiply warped products,
e.g., [7]. The notion of multiply warped product, in turn, is a special case of a Riemannian almost
k-product structure with k ∈ {2, . . . , n} foliations. This structure can be also viewed in the theory
of webs composed of foliations of different dimensions, see [1]. A Riemannian almost k-product
structure appears also on a proper Dupin hypersurface of a real space-form, i.e., the number k of
distinct principal curvatures is constant and each principal curvature function is constant along
its corresponding surface of curvature, see [6].
Thus, the problem of generalizing (2) to the case of (M,g) with k > 2 distributions is actual.
In Section 1, we solve this problem for arbitrary k > 2. In Sections 2 and 3 we give applications
to splitting and isometric immersions of manifolds, in particular, multiply warped products, and
to hypersurfaces with k > 2 distinct principal curvatures.
1 New integral formulas
Let an n-dimensional Riemannian manifold (M,g) with the Levi-Civita connection ∇ and the
curvature tensor R be endowed with k > 2 orthogonal ni-dimensional distributions Di (1 ≤ i ≤ k)
with
∑
ni = dimM . There exists on M a local adapted orthonormal frame {E1, . . . , En}, where
{E1, . . . , En1} ⊂ D1, {Eni−1+1, . . . , Eni} ⊂ Di, 2 ≤ i ≤ k.
Such (M,g;D1, . . . ,Dk) is called a Riemannian almost k-product manifold, see [9] for k = 2.
A plane in TM spanned by two vectors belonging to different distributions, say, Di and Dj is
called mixed. In order to generalize the well-known concept of almost-product manifolds, we will
call K(D1, . . . ,Dk) =
∑
i<j K(Di,Dj) the mixed scalar curvature of (M,g;D1, . . . ,Dk), where
K(Di,Dj) =
∑
ni−1<p≤ni, nj−1<q≤nj
〈R(Ep, Eq)Ep, Eq〉.
Let Pi : TM → Di be the orthoprojector, and Pˆi = idTM −Pi be the orthoprojector onto D
⊥
i .
The second fundamental form hi : Di × Di → D
⊥
i (symmetric) and the integrability tensor
Ti : Di ×Di → D
⊥
i (skew-symmetric) of Di are defined by
hi(X,Y ) =
1
2
Pˆi(∇XY +∇YX), Ti(X,Y ) =
1
2
Pˆi(∇XY −∇YX) =
1
2
Pˆi [X,Y ].
Let hij , Hij = Trg hij , Tij be the second fundamental forms, mean curvature vector fiels and the
integrability tensors of distributions Di,j = Di⊕Dj inM , and Pij : TM → Di,j be orthoprojectors,
etc. Note that
Hi =
∑
j 6=i
PjHi, H1...r = Pr+1...k(H1 + . . .+Hr), etc.
Recall that a distribution Di is called integrable if Ti = 0, and Di is called totally umbilical,
harmonic, or totally geodesic, if hi = (Hi/ni) g, Hi = 0, or hi = 0, respectively.
Let S(r, k) be the set of all r-combinations (i.e., subsets of r distinct elements) of {1, . . . , k}.
The S(r, k) contains Crk =
k!
r!(k−r)! elements (where C
r
k denote binomial coefficients). Define
natural numbers akr (0 ≤ r ≤ k − 1) by a
2
0 = a
2
1 = 1 and the following recursive relations:
ak0 = (C
2
k − 1) a
k−1
0 ,
ak1 = C
2
k−1a
k−1
1 ,
akr = C
2
r a
k−1
r−1 + C
2
k−r a
k−1
r (2 ≤ r ≤ k − 2),
akk−1 = C
2
k−1 a
k−1
k−2. (4)
Set Γ(k + 1) = k ! Solutions of recursive equations (4) for r = 0, 1 are the following:
ak0 =
Γ(k + 2)2
2k−13 k(k2 − 1)
, e.g., a20 = 1, a
3
0 = 2, a
4
0 = 10, a
5
0 = 90,
ak1 =
Γ(k)2
2k−2(k − 1)
, e.g., a21 = 1, a
3
1 = 1, a
4
1 = 3, a
5
1 = 18.
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Our main goal is the following formula for k ∈ {2, . . . , n}, which generalizes (3).
Theorem 1. For a Riemannian almost k-product manifold (M,g;D1, . . . ,Dk) we have
div
(∑k−1
r=1
akr
∑
q∈S(r,k)
Hq
)
= ak0 K(D1, . . . ,Dk)
+
∑k−1
r=1
akr
∑
q∈S(r,k)
(‖hq‖
2 − ‖Hq‖
2 − ‖Tq‖
2). (5)
Proof. For k = 2 we have a20 = a
2
1 = 1, see (3). To illustrate the proof for k > 2, first consider
the case of k = 3. Using (3) for the distributions D1 and D2,3 = D2 ⊕D3, we get
div(H1 +H23) = 2K(D1,D2,3) + (‖h1‖
2 − ‖H1‖
2 − ‖T1‖
2) + (‖h23‖
2 − ‖H23‖
2 − ‖T23‖
2), (6)
and similarly for (D2, D1,3) and (D3, D1,2). Summing 3 copies of (6), we obtain (5) for k = 3:
div
(∑
i
Hi +
∑
i<j
Hij
)
= 2K(D1,D2,D3) +
∑
i
(‖hi‖
2 − ‖Hi‖
2 − ‖Ti‖
2)
+
∑
i<j
(‖hij‖
2 − ‖Hij‖
2 − ‖Tij‖
2). (7)
Thus, for k = 3 we have a30 = 2 and a
3
1 = a
3
2 = 1. Next, we describe the method for arbitrary k.
We apply (5) with k − 1 for the distributions D1, . . . ,Dk−2 and Dk−1,k, and then obtain similar
formulas for other choices of a pair of distributions. Summing these C2k equations, we get equation
of the form of (5) with k. Comparing coefficients, we find number of appearances of terms of (5)
for k − 1 inside terms for k and then we obtain recursive relations (4).
Remark 1. Just the particular case of (5) for k = 3, see (7), can find many geometrical appli-
cations, because an almost 3-product structure appears naturally in several topics:
1) almost para-f -manifolds, e.g., [15].
2) lightlike manifolds, i.e., (M,g) with degenerate metric g of constant rank and index, see [8].
3) on orientable 3-manifolds, since they admits 3 linearly independent vector fields, i.e., ni = 1.
4) the theory of 3-webs composed of three generic foliations of different dimensions, e.g., [16].
5) minimal hypersurfaces in the sphere with 3 distinct principal curvatures, see [10].
6) tubes over a standard embeddings of a projective plane FP 2, for F = R;C;H or O (Cayley
numbers), in S4;S7;S13, and S25, respectively, see [6].
Example 1. For initial values of k, k = 4, 5 (next to k = 2, 3), formula (5) reads as
div
(
3
∑
i
Hi + 2
∑
i<j
Hij + 3
∑
i<j<s
Hijs
)
= 10K(D1, . . . ,D4) + 3
∑
i
(‖hi‖
2−‖Hi‖
2−‖Ti‖
2)
+ 2
∑
i<j
(‖hij‖
2 − ‖Hij‖
2 − ‖Tij‖
2) + 3
∑
i<j<s
(‖hijs‖
2 − ‖Hijs‖
2 − ‖Tijs‖
2),
div
(
18
∑
i
Hi + 9
∑
i<j
Hij + 9
∑
i<j<s
Hijs + 15
∑
i<j<s<l
Hijsl
)
= 90K(D1, . . . ,D5)
+ 18
∑
i
(‖hi‖
2 − ‖Hi‖
2 − ‖Ti‖
2) + 9
∑
i<j
(‖hij‖
2 − ‖Hij‖
2 − ‖Tij‖
2)
+ 9
∑
i<j<s
(‖hijs‖
2 − ‖Hijs‖
2 − ‖Tijs‖
2) + 15
∑
i<j<s<l
(‖hijsl‖
2 − ‖Hijsl‖
2 − ‖Tijsl‖
2).
Therefore,
k = 4 : a40 = 10, a
4
1 = 3, a
4
2 = 2, a
4
3 = 3,
k = 5 : a50 = 90, a
5
1 = 18, a
5
2 = 9, a
5
3 = 9, a
5
4 = 15.
Using Stokes theorem for (5) on a closed manifold (M,g;D1, . . . ,Dk) yields the integral for-
mula for any k ∈ {2, . . . , n}, which for k = 2 coincides with (2).
Corollary 1. The following integral formula holds on a closed Riemannian almost k-product
manifold:∫
M
(
ak0 K(D1, . . . ,Dk) +
∑k−1
r=1
akr
∑
q∈S(r,k)
(‖hq‖
2 − ‖Hq‖
2 − ‖Tq‖
2)
)
d volg = 0. (8)
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Example 2. For few initial values of k, k = 3, 4, 5, the integral formula (8) reads as follows:∫
M
(
2K(D1,D2,D3)+
∑
i
(
‖hi‖
2−‖Hi‖
2−‖Ti‖
2
)
+
∑
i<j
(
‖hij‖
2−‖Hij‖
2−‖Tij‖
2
))
d volg = 0,∫
M
(
10K(D1,D2,D3,D4) + 3
∑
i
(‖hi‖
2−‖Hi‖
2−‖Ti‖
2) + 2
∑
i<j
(‖hij‖
2 − ‖Hij‖
2 − ‖Tij‖
2)
+ 3
∑
i<j<s
(‖hijs‖
2 − ‖Hijs‖
2 − ‖Tijs‖
2)
)
d volg = 0,∫
M
(
90K(D1,D2,D3,D4,D5)+18
∑
i
(‖hi‖
2−‖Hi‖
2−‖Ti‖
2)+9
∑
i<j
(‖hij‖
2−‖Hij‖
2−‖Tij‖
2)
+ 9
∑
i<j<s
(‖hijs‖
2−‖Hijs‖
2−‖Tijs‖
2)+15
∑
i<j<s<l
(‖hijsl‖
2−‖Hijsl‖
2−‖Tijsl‖
2)
)
d volg = 0.
In order to simplify the LHS of (5) to the shorter view div(
∑
iHi), we reorganize the terms
div
(∑
q ∈S(r,k)Hq
)
for r > 1 and obtain new (auxiliary) integral formulae.
Theorem 2. For (M,g;D1, . . . ,Dk) and any r ∈ {2, . . . , k − 1}, we have
div
(∑
q ∈S(r,k)
Hq − C
r−1
k−2
∑
i
Hi
)
=
∑
q ∈S(r,k)
(
‖Hq‖
2 + 〈
∑r
i=1
Hq(i) − r Hq ,
∑
j 6∈q
Hj〉
)
. (9)
Proof. Using equality H1...r = Pr+1...k(H1 + . . .+Hr) for q = {1, . . . , r}, we find
divH1...r = divr+1...kH1...r − ‖H1...r‖
2
= divr+1...k(H1 + . . .+Hr) + 〈H1 + . . . +Hr, Hr+1...k〉 − ‖H1...r‖
2,
and similarly for all Crk cases of q ∈ S(r, k). Summing the above, we use equalities
divr+1...kH1 =
∑
j>r
divj H1, div 2...kH1 = divH1 + ‖H1‖
2, etc.
We apply (9) with k − 1 for the distributions D1, . . . ,Dk−2 and Dk−1,k, and then obtain similar
formulas for other choices of a pair of distributions. Summing these C2k equations, we get equation
of the form of (9) with k, comparing coefficients yield the claim.
Corollary 2. The following integral formulae for r ∈ {2, . . . , k − 1} take place on a closed
Riemannian almost k-product manifold:∫
M
∑
q∈S(r,k)
(
‖Hq‖
2 + 〈
∑r
i=1
Hq(i) − r Hq ,
∑
j 6∈q
Hj〉
)
d volg = 0. (10)
Example 3. For k = 3 and r = 2, the formula (10) yields the following integral formula:∫
M
(∑
i
‖Hi‖
2 +
∑
i<j
(
2〈Hi,Hj〉 − ‖Hij‖
2
))
d volg = 0,
and for k = 4 and r = 2, the formula (10) yields the following integral formula:∫
M
(
2
∑
i
‖Hi‖
2 +
∑
i, j<s
〈Hi, Hjs〉 −
∑
i<j
‖Hij‖
2
)
d volg = 0.
The reader can find the corresponding integral formula for k = 4 and r = 3.
Combining Theorems 1 and 2, we obtain the following companion of (5).
Theorem 3. For a Riemannian almost k-product manifold (M,g;D1, . . . ,Dk) we have
bk div
(∑
i
Hi
)
= ak0 K(D1, . . . ,Dk)
+
∑k−1
r=1
akr
∑
q∈S(r,k)
(
‖hq‖
2−2 ‖Hq‖
2−‖Tq‖
2 − 〈
∑
i
Hq(i) − r Hq ,
∑
j 6∈q
Hj 〉
)
,
where bk =
∑k−1
r=1 C
r−1
k−2 a
k
r , and coefficients a
k
r (0 ≤ r ≤ k − 1) are defined in (4).
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Corollary 3. The following integral formula takes place on a closed (M,g;D1, . . . ,Dk):
∫
M
(
ak0 K(D1, . . . ,Dk) +
∑k−1
r=1
akr
∑
q ∈S(r,k)
(
‖hq‖
2−2 ‖Hq‖
2−‖Tq‖
2
−〈
∑
i
Hq(i) − rHq ,
∑
j 6∈q
Hj 〉
))
d volg = 0.
Example 4. The integral formula of Corollary 3, for particular cases of k, k = 3, 4 reads as
∫
M
(
K(D1,D2,D3)−
∑
i
‖Hi‖
2 −
∑
i<j
〈Hi, Hj〉+
1
2
∑
i
(
‖hi‖
2 − ‖Ti‖
2
)
+
1
2
∑
i<j
(
‖hij‖
2 − ‖Tij‖
2
))
d volg = 0, (11)∫
M
(
K(D1,D2,D3,D4)−
2
5
∑
i
‖Hi‖
2 +
1
5
∑
i<j
〈Hi,Hj〉 −
2
5
∑
i, j<s
〈Hi,Hjs〉
+
1
5
∑
i
(
‖hi‖
2 − ‖Ti‖
2
)
+
1
5
∑
i<j
(
‖hij‖
2 − ‖Tij‖
2
)
+
1
10
∑
i<j<s
(
‖hijs‖
2 − ‖Tijs‖
2
))
d volg = 0. (12)
The above formula for k = 3, (11) was obtained in [4] by long direct calculations of div(H1 +
H2 +H3). The integral formula (12), i.e., k = 4, is new.
2 Splitting and isometric immersions of manifolds
Here, we use results of Section 1 to prove some splitting and non-existence of immersions results
for Riemannian almost k-product manifolds with k > 2. We say that (M,g;D1, . . . ,Dk) splits if
all distributions Di are integrable andM is locally the direct productM1×. . .×Mk with foliations
tangent to Di. Recall that if a simply connected manifold splits then it is the direct product.
We apply the submanifolds theory to Riemannian almost k-product manifolds.
Definition 1. A pair (Di,Dj) with i 6= j of distributions on (M,g;D1, . . . ,Dk) with k > 2 is
called
a) mixed totally geodesic, if hij(X,Y ) = 0 for all X ∈ Di and Y ∈ Dj .
b) mixed integrable, if Tij(X,Y ) = 0 for all X ∈ Di and Y ∈ Dj .
Lemma 1. If each pair (Di,Dj) on (M,g;D1, . . . ,Dk) with k > 2 is
a) mixed totally geodesic, then hq(X,Y ) = 0 b) mixed integrable, then Tq(X,Y ) = 0
for all q ∈ S(r, k), 2 < r < k and X ∈ Dq(1), Y ∈ Dq(2).
Proof. This follows by mathematical induction.
The next our results generalize [14, Theorem 6] and [17, Theorem 2] on case k = 2.
Theorem 4. Let a Riemannian almost k-product manifold (M,g;D1, . . . ,Dk) with k > 2 has
integrable harmonic distributions D1, . . . ,Dk. If K(D1, . . . ,Dk) ≥ 0, and each pair (Di,Dj) is
mixed integrable, then M splits.
Proof. From the equality H1...r = Pr+1...k(H1+ . . .+Hr) follows that Hi = 0 for all i ∈ {1, . . . , k},
then Hq = 0 for all q ∈ S(r, k) and 2 ≤ r < k. Similarly (by Lemma 1), if Tij = 0 for all
i ∈ {1, . . . , k}, then Tq = 0 for all q ∈ S(r, k) and 2 ≤ r < k. By conditions and (5),
ak0 K(D1, . . . ,Dk) +
∑k−1
r=1
akr
∑
q∈S(r,k)
(‖hq‖
2 = 0.
Thus, hq = 0 for all q ∈ S(r, k), in particular, hi = 0 (1 ≤ i ≤ k). By de Rham decomposition
theorem, (M,g) splits.
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Theorem 5. Let a complete open Riemannian almost k-product manifold (M,g;D1, . . . ,Dk) with
k > 2 has totally umbilical distributions such that each pair (Di,Dj) is mixed totally geodesic and
〈Hi,Hj〉 = 0 for i 6= j. If K(D1, . . . ,Dk) ≤ 0 and ‖Hi‖ ∈ L
1(M,g) for 1 ≤ i ≤ k, then M splits.
Proof. By assumptions, from (5) we get
div ξ = ak0 K(D1, . . . ,Dk) +
∑k−1
r=1
akr
∑
q∈S(r,k)
(‖hq‖
2 − ‖Hq‖
2 − ‖Tq‖
2), (13)
where ξ =
∑k−1
r=1 a
k
r
∑
q∈S(r,k)Hq. By conditions, and since ‖Hq‖ ≤
∑k
i=1 ‖Hq(i)‖, we get ‖Hq‖ ∈
L1(M,g). Since ‖ξ‖ ≤
∑k−1
r=1 a
k
r
∑
q ∈S(r,k) ‖Hq‖, then also ‖ξ‖ ∈ L
1(M,g). Next, by conditions,
for any q = (q(1), . . . , q(r)) ∈ S(r, k) with r ≥ 1 we have
‖hq‖
2 − ‖Hq‖
2 = −
∑r
i=1
nq(i) − 1
nq(i)
‖PˆqHq(i)‖
2 ≤ 0,
where Pˆq is the orthoprojector on the distribution
⊕
j /∈q Dj. Hence, from K(D1, . . . ,Dk) ≤ 0
and (13) we get div ξ ≤ 0. By conditions and Lemma 2 below, div ξ = 0. Thus, see (13),
K(D1, . . . ,Dk) = 0 and Ti and hi vanish. By de Rham decomposition theorem, (M,g) splits.
Modifying Stokes theorem on a complete open manifold (M,g) yields the following.
Lemma 2 (see Proposition 1 in [5]). Let (Mn, g) be a complete open Riemannian manifold
endowed with a vector field ξ such that div ξ ≥ 0. If the norm ‖ξ‖g ∈ L
1(M,g) then div ξ ≡ 0.
Totally umbilical integrable distributions appear on multiply warped products.
Example 5. Let F1, . . . , Fk be k Riemannian manifolds and let M = F1 × . . . × Fk be their
direct product. A multiply warped product F1 ×u2 F2 × . . . ×uk Fk is M with the metric g =
gF1 ⊕ u
2
2 gF2 ⊕ . . . ⊕ u
2
k gFk , where ui : F1 → (0,∞) for i = 2, . . . , k are smooth functions. Let Di
be the distribution on M obtained from the vectors tangent to (the horizontal lifts of) Fi, e.g.,
[7]. The leaves (i.e., tangent to Di, i ≥ 2) are totally umbilical submanifolds, with
Hi = −ni∇(log ui),
and the fibers (i.e., tangent to D1) are totally geodesic submanifolds. Since
div Hi = −ni (∆ui)/ui − (n
2
i − ni) ‖Piˆ∇ui‖
2/u2i ,
where ∆ = − div ◦∇ is the Laplacian on C2(F1), and we have
K(D1, . . . ,Dk) =
∑
i≥2
ni (∆ui)/ui . (14)
Corollary 4. Let a multiply warped product (M,g) be complete open and 〈Hi,Hj〉 = 0 for i 6= j.
If K(D1, . . . ,Dk) ≤ 0 and ‖Hi‖ ∈ L
1(M,g) for 1 ≤ i ≤ k, then M is the direct product.
The following inequality for isometric immersions of multiply warped product manifolds, see
[7, Theorem 10.2], is related to the question by B.-Y. Chen: “What can we conclude from an
arbitrary isometric immersion of a warped product into a Riemannian manifold with arbitrary
codimension?”
Theorem A Let f : F1 ×u2 F2 × . . . ×uk Fk → M˜ be an isometric immersion of a multiply
warped product (M,g) := F1 ×u2 F2 × . . . ×uk Fk into an arbitrary Riemannian manifold. Then
∑k
i=2
ni (∆ui)/ui ≤
n2(k − 1)
2 k
H2 + n1(n− n1)max K˜, n =
∑k
j=1
nj, (15)
where H2 = 〈H,H〉 is the squared mean curvature of f , max K˜(x) is the maximum of the sectional
curvature of M˜ restricted to 2-plane sections of the tangent space TxM of M at x = (x1, . . . , xk).
The equality sign of (15) holds identically if and only if the following two statements hold :
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1) f is a mixed totally geodesic immersion satisfying equalities Trg h1 = . . . = Trg hk;
2) at each point x ∈ M , the sectional curvature function K˜ of M˜ satisfies K˜(X,Y ) =
max K˜(x) for each unit vector X ∈ Tx1(F1) and each unit vector Y in T (x2, . . . , xk)(F2×. . .×Fk).
On a multiply warped product with k > 2 each pair of distributions is mixed totally geodesic.
Indeed, such manifold is diffeomorphic to the direct product and the Lie bracket does not depend
on metric. Thus, using Theorem A and our results above, we obtain the following.
Theorem 6 (Non-existence of immersions). Let f : F1×u2 F2× . . .×uk Fk → M˜ be an isometric
immersion of a closed multiply warped product (M,g) := F1×u2 F2× . . .×uk Fk into an arbitrary
Riemannian manifold. Let, in addition, 〈Hi,Hj〉 = 0 for i 6= j. Then there are no isometric
immersions f : F1 ×u2 F2 × . . .×uk Fk → M˜ satisfying the inequality
n2(k − 1)
2 k
H2 < −n1(n− n1)max K˜; (16)
in particular, there are no minimal isometric immersions f when K˜ < 0.
Proof. From (14), (13) and (15), applying the Stokes’ Theorem, we get
(1/ak0)
∫
M
∑k−1
r=1
akr
∑
q∈S(r,k)
∑r
i=1
nq(i) − 1
nq(i)
‖PˆqHq(i)‖
2 d volg
≤
n2(k − 1)
2 k
∫
M
H2 d volg +n1(n− n1)max K˜ ·Vol(M,g). (17)
The equality in (17) holds if and only if conclusions 1)–2) of Theorem A are satisfied. If such
isometric immersion exists, then the inequality (16) yields a contradiction
Remark 2. Theorem 6 can be improved replacing max K˜ by S¯(n1, . . . , nk) (with certain factor)
defined below. Let Li (i = 1, 2) be two subspaces of TxM¯ at some point x ∈ M¯ , and {E
′
i} and
{E ′j} some orthonormal frames of these subspaces. The following quantity:
S¯(L1, L2) =
∑
i,j
〈R¯(E′i, E
′
j)E
′
i, E
′
j〉
does not depend on the choice of frames. For any n1, . . . , nk ∈ N with
∑
i ni ≤ dim M¯ , let
Γx(n1, . . . , nk) be the set of k-tuples of pairwise orthogonal subspaces (L1, . . . , Lk) with dimLi =
ni (1 ≤ i ≤ k) of TxM¯ at some point x ∈ M¯ . Set S¯(n1, . . . , nk) = supx∈M¯ S¯x(n1, . . . , nk), where
S¯x(n1, . . . , nk) = max{
∑
i<j
S¯(Li, Lj) : (L1, . . . , Lk) ∈ Γx(n1, . . . , nk)}.
3 Hypersurfaces with k distinct principal curvatures
Let Mn be a transversely orientable hypersurface in a Riemannian manifold M¯ . Denote by A
the shape operator of M with respect to a unit normal vector field N , and let λ1 ≤ . . . ≤ λn be
the principal curvatures (eigenvalues of A) – continuous functions on M . If at any point of M all
principal curvatures are equal, then M is totally umbilical.
Suppose that there exists k ≥ 2 distinct principal curvatures (µi) on M of multiplicities ni,
and let Di (1 ≤ i ≤ k) be corresponding eigen-distributions – subbundles of TM .
µ1 := λ1 = . . . = λn1 < . . . < µk := λn−nk+1 = . . . = λn.
Such hupersurface is a Riemannian almost k-product manifold (M,g;D1, . . . ,Dk), see Section 1.
For a hypersurface M in a Riemannian manifold M¯ (c) of constant curvature c, it is known
the following, see [6]: if ni > 1 for some i, then the function µi : M → R is differentiable and Di
is integrable and its leaves are totally umbilical in M¯(c).
The curvature tensor R¯ of M¯(c) has the well-known view
R¯(X,Y )Z = c (〈X,Z〉Y − 〈Y,Z〉X).
Denote by Xi ∈ Xi local unit vector fields on Di (i ≤ k). For the sectional curvature of M we get
K(Xi,Xj) = c+ µi µj, i 6= j. (18)
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Example 6. For a hypersurface M in M¯(c) with k = 2, using equalities
‖hi‖
2 − ‖Hi‖
2 = ni(1− ni)
‖∇µi‖
2
(µi − µj)2
, K(D1,D2) = n1n2(c+ µ1µ2),
formula (3) can be rewritten in terms of A and µi (i = 1, 2) as follows, see [17]:
div(H1 +H2) = n1n2(c+ µ1µ2) +
n1(1− n1) ‖∇µ1‖
2 + n2(1− n2) ‖∇µ2‖
2
(µ2 − µ1)2
, (19)
The next problem was posed by P. Walczak [17]: “To search for formulae analogous to (19) in
the case of a hypersurface in M¯(c) of k > 2 distinct principal curvatures of constant multiplicities”.
By symmetry of A and the Codazzi equation for a hypersurface in M¯(c),
(∇XA)(Y ) = (∇YA)(X), (20)
the following tensor A of rank 3 is totally symmetric:
A(X,Y,Z) = 〈(∇XA)(Y ), Z〉, X, Y, Z ∈ XM .
Remark 3. A submanifold M in M¯ is called curvature-invariant if R(X,Y )Z ∈ TxM for any
X,Y,Z ∈ TxM and any x ∈ M , e.g., [13]. Examples are arbitrary submanifolds in M¯(c). For a
curvature-invariant hypersurface M ⊂ M¯ , Codazzi equation (20) is satisfied, thus, results of this
section on a hypersurface in M¯ (c) can be extended for curvature-invariant hypersurfaces.
Lemma 3. For a hypersurface M in M¯(c) with k > 2 distinct principal curvatures, we have
A(Xi,Xj ,Xl) = (µj − µl)〈∇XiXj, Xl〉, j 6= l,
A(Xi,Xj ,Xj) = Xi(µj), ∀ i, j. (21)
Proof. After derivation of equality AXj = µjXj and using symmetry of A, we obtain
〈∇Xi(AXj), Xl〉 = 〈(∇XiA)(Xj), Xl〉+ 〈A∇XiXj , Xl〉
= A(Xi,Xj ,Xl) + µl〈∇XiXj , Xl〉,
〈∇Xi(µjXj), Xl〉 = µj 〈∇XiXj , Xl〉+Xi(µj) δjl.
From this equalities in (21) follow.
Corollary 5. For a hypersurface M in M¯ (c) with k > 2 distinct principal curvatures, we have
(µj − µl) 〈∇XiXj, Xl〉 = (µi − µl) 〈∇XjXi, Xl〉, i 6= j 6= l. (22)
Proof. This follows from (21) and symmetry of A. Alternatively, one can use direct derivation,
0 = 〈R¯(Xi,Xj)N, Xl〉 = 〈µXi(µjXj)−∇Xj (µiXi)− 〈[Xi,Xj ], Xl〉〈µlXl, Xl〉
= (µj − µl) 〈∇XiXj , Xl〉 − (µi − µl) 〈∇XjXi, Xl〉,
from which (22) follows.
Theorem 5.13 in [6], which states that each point of a hypersurface Mn in M¯(c) with 2, 3, 4
or 6 distinct principal curvatures has a principal coordinate neighborhood if and only if each D⊥i
is integrable. We complete this result by the following.
Proposition 1. Let Mn be a hypersurface in M¯(c) with k > 2 distinct principal curvatures at
each point. Then each D⊥i is integrable if and only if A(Xi,Xj ,Xl) = 0 for Xi ∈ Di, Xj ∈ Dj
and Xl ∈ Dl with i < j < l on M
n.
Next, we study the problem (posed in [17]) for k = 3 (the case of k > 3 is similar).
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Theorem 7. For a hypersurface M in M¯(c) with k = 3 distinct principal curvatures, we have
div
∑
i
ni
( Pj∇µi
µi − µj
+
Pl∇µi
µi − µl
)
=
1
2
∑
i<j
ni nj(c+ µiµj) +
∑
i
ni(1− ni)
( ‖Pj∇µi‖2
(µi − µj)2
+
‖Pl∇µi‖
2
(µi − µl)2
)
, (23)
where (j, l) ∈ {1, 2, 3} \ {i} and j < l.
Proof. By (7) and Ti = 0, we have
div
(∑
i
Hi +
∑
i<j
Hij
)
= 2K(D1,D2,D3) +
∑
i
(‖hi‖
2 − ‖Hi‖
2)
+
∑
i<j
(‖hij‖
2 − ‖Hij‖
2 − ‖Tij‖
2). (24)
By (18), the mixed scalar curvature of M with k = 3 is
K(D1,D2,D3) =
∑
i<j
ni nj(c+ µiµj).
Note that ‖hi‖
2 = ‖Hi‖
2/ni, where
hi(X,Y ) = 〈X,Y 〉
( Pj∇µi
µi − µj
+
Pl∇µi
µi − µl
)
, Hi = ni
( Pj∇µi
µi − µj
+
Pl∇µi
µi − µl
)
.
Thus (similarly to Example 6), we obtain
‖hi‖
2 − ‖Hi‖
2 = ni(1− ni)
( ‖Pj∇µi‖2
(µi − µj)2
+
‖Pl∇µi‖
2
(µi − µl)2
)
.
Next, we consider ‖hij‖
2 and ‖Tij‖
2 for i 6= j along three subsets of TM ⊕TM : Di⊕Di, Dj ⊕Dj
and Vij = (Di ⊕Dj) ∪ (Dj ⊕Di). Using hij =
ni Pl∇µi
µi−µl
+
nj Pl∇µj
µj−µl
for i 6= j 6= l, we obtain
‖hij‖
2 − ‖Hij‖
2 = ni(1− ni)
‖Pl∇µi‖
2
(µi − µl)2
+ nj(1− nj)
‖Pl∇µj‖
2
(µj − µl)2
+ ‖hij |Vij‖
2,
Since Di are integrable, we have ‖Tij‖
2 = ‖Tij |Vij‖
2. Given i 6= j 6= l, let (eα), (εβ), (Eγ) be local
orthonormal frames of Di,Dj and Dl, respectively. Using (21), and
‖hij |Vij‖
2 =
1
4
∑
α,β,γ
〈∇eα εβ +∇εβ eα, Eγ〉
2, ‖Tij |Vij‖
2 =
1
4
∑
α,β,γ
〈∇eα εβ −∇εβ eα, Eγ〉
2,
we find for (i, j) ∈ {(1, 2), (1, 3), (2, 3)} the equality
‖hij |Vij‖
2 − ‖Tij |Vij‖
2 =
∑
α,β,γ
〈∇eα εβ , Eγ〉 〈∇εβ eα, Eγ〉 =
∑
α,β,γ ‖A(eα, εβ, Eγ)‖
2
(µi − µl)(µj − µl)
.
Since
1
(µ2 − µ3)(µ1 − µ3)
+
1
(µ1 − µ2)(µ3 − µ2)
+
1
(µ2 − µ1)(µ3 − µ1)
= 0,
the sum
∑
i<j
(
‖hij |Vij‖
2 − ‖Tij |Vij‖
2
)
vanishes. From the above, we have
∑
i
(‖hi‖
2−‖Hi‖
2) +
∑
i<j
(‖hij‖
2−‖Hij‖
2−‖Tij‖
2) = 2n1(1−n1)
( ‖P2∇µ1‖2
(µ1 − µ2)2
+
‖P3∇µ1‖
2
(µ1 − µ3)2
)
+2n2(1− n2)
( ‖P1∇µ2‖2
(µ2 − µ1)2
+
‖P3∇µ2‖
2
(µ2 − µ3)2
)
+ 2n3(1− n3)
( ‖P1∇µ3‖2
(µ3 − µ1)2
+
‖P2∇µ3‖
2
(µ3 − µ2)2
)
.
Note that the terms under the divergence in (24) are
∑
i
Hi+
∑
i<j
Hij =
∑
i
ni
( Pj∇µi
µi − µj
+
Pl∇µi
µi − µl
)
+
∑
i<j
(
ni
Pl∇µi
µi − µl
+ nj
Pl∇µj
µj − µl
)
= 2n1
( P2∇µ1
µ1 − µ2
+
P3∇µ1
µ1 − µ3
)
+ 2n2
( P1∇µ2
µ2 − µ1
+
P3∇µ2
µ2 − µ3
)
+ 2n3
( P1∇µ3
µ3 − µ1
+
P2∇µ3
µ3 − µ2
)
.
From the above (23) follows.
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Using Stokes theorem to (23) on a closed M , we obtain the following integral formula.
Corollary 6. In conditions of Theorem 7, for a closed hypersurface M , we have
∫
M
[∑
i<j
ni nj(c+ µiµj) + 2
∑
i
ni(1− ni)
( ‖Pj∇µi‖2
(µi − µj)2
+
‖Pl∇µi‖
2
(µi − µl)2
)]
d volg = 0,
where (j, l) ∈ {1, 2, 3} \ {i} and j < l.
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